The objective of the present work is to investigate theoretically the Hiemenz flow and heat transfer of an incompressible viscous nanofluid past a porous wedge sheet in the presence of thermal stratification due to solar energy (incident radiation). The wall of the wedge is embedded in a uniform Darcian porous medium to allow for possible fluid wall suction or injection and has a power-law variation of the wall temperature. The partial differential equations governing the problem under consideration are transformed by a special form of Lie symmetry group transformations viz., one-parameter group of transformation into a system of ordinary differential equations which are solved numerically by Runge-Kutta-Gill-based shooting method. The conclusion is drawn that the flow field and temperature are significantly influenced by convective radiation, thermal stratification, buoyancy force, and porosity of the sheet.
Introduction
Sustainable energy generation is one of the most important challenges facing society today. Solar energy offers a solution with the hourly solar flux incident on the Earth's surface being greater than all the human consumption of energy in a year. Solar energy is one of the best sources of renewable energy with minimal environmental impact (Sharma et al. 2009 ). Power tower solar collectors could benefit from the potential efficiency improvements that arise from using a nanofluid as a working fluid. Although considerable attention has been placed on the heat transfer enhancement capabilities of nanofluids, surprisingly, few authors seem to have an interest in quantifying potentially limiting factors (such as considerable increases in viscosity) that can decrease the overall benefits of the use of nanofluids in practical applications. The basic concept of using particles to collect solar energy was studied in the 1970s by Hunt (1978) . Nanoparticles in the base fluid (nanofluid) provide the following possible advantages with respect to heat transfer in the solar energy absorb system: (1) nanofluids can absorb energy directly-skipping intermediate heat transfer steps, (2) the nanofluids can be optically selective (i.e., high absorption in the solar range and low emittance in the infrared), (3) a more uniform receiver temperature can be achieved inside the collector (reducing material constraints), (4) enhanced heat transfer via greater convection and thermal conductivity may improve receiver performance, and (5) absorption efficiency may be enhanced by tuning the nanoparticle size and shape to the Biomedicine application.
The study of heat transfer in the presence of nanofluids is of great practical importance to engineers and scientists because of its almost universal occurrence in many branches of science and engineering. A non-exhaustive list comprises the studies of Choi (1995) , Buongiorno and Hu (2005) , Buongiorno (2006) , Kuznetsov and Nield (2010) , Nield and Kuznetsov (2009) and Cheng and Minkowycz (1977) . Numerous models and group theory methods have been proposed by different authors to study convective flows of nanofluids, e.g., Birkoff (1948 Birkoff ( , 1960 , Pakdemirli (1997, 1999b) and Yurusoy et al. (2001) .
Convective flow in porous media has been widely studied in the recent years due to its wide applications in engineering as post-accidental heat removal in nuclear reactors, solar collectors, drying processes, heat exchangers, geothermal and oil recovery, building construction, etc. Chamkha and Khaled (2000) reported the effect of coupled heat and mass transfer by mixed convection in a linearly stratified stagnation flow (Hiemenz flow) in the presence of an externally applied magnetic field and internal heat generation or absorption. Seddeek et al. (2007) investigated the effects of chemical reaction and variable viscosity on hydrodynamic mixed convection heat and mass transfer for Hiemenz flow through porous media in the presence of an incident external magnetic field. Tsai and Huang (2009) investigated heat and mass transfer for Soret and Dufour's effects on Hiemenz flow through a porous medium onto a stretching surface. In their work, Abdel-Rahman (2010) numerically studied the effects of thermal diffusion and of an external applied magnetic field on a stagnation point flowing over a flat stretching surface taking into account variations of the viscosity under the Soret and Dufour's conditions. The study of the stagnation flow problem was initiated by Hiemenz (1911) who developed an exact solution for the Navier-Stokes equations under a forced convective regime. Yih (1998) reported on the effects of uniform suction or blowing and magnetic field on the heat transfer characteristics of the Hiemenz problem in porous media. The effects of heat and mass transfer laminar boundary layer flow over a wedge have been studied by many authors Kafoussias and Nanousis (1997a,b) , Anjali Devi and Kandasamy (2001) , Yih (1998) , Watanabe (1990) , Chamkha and Khaled (2001) , Hossian (1992) , Hakiem et al. (1999) , Kuo (2005) and Cheng and Lin (2002) in different situations.
In mixed nanoparticle flows of practical importance in science as well as in many engineering devices, the environment of the nanofluid is thermally stratified. The discharge of hot fluid into cold regions often results in a thermal stratification with lighter fluid overlying denser fluid. In particular, the study of heat transfer in the presence of thermal stratification is of considerable importance in chemical and hydrometallurgical industries. Nanofluids are suspensions of nanoparticles in fluids that show significant enhancement of their properties at modest nanoparticle concentrations. Many of the publications on nanofluids are about understanding their behavior so that they can be utilized where straight heat transfer enhancement is paramount as in many industrial applications, nuclear reactors, transportation, electronics as well as biomedicine and food. In this new age of energy awareness, our lack of abundant sources of clean energy and the widespread dissemination of battery operated devices, such as cell-phones and laptops, have accented the necessity for a smart technological handling of energetic resources. Nanofluids have been demonstrated to be able to handle this role in some instances as a smart fluid.
Recently, the effect of chemical reaction and heat radiation in the presence of a nanofluid flowing past a porous vertical stretching surface was investigated by Rosmila et al. (2011) . Kandasamy et al. (2011) analyzed the impact of thermophoresis particle deposition and Brownian diffusion motion on nanofluid in the presence of a magnetic field. They predicted that the magnitude of the magnetic field plays an important role on the nanoparticles in the presence of base fluids. Vajravelu et al. (2011) and Rana and Bhargava (2011) investigated the effects of heat transfer enhancement in mixed convection flow of a nanofluid along a vertical plate with heat source/sink. The two studies investigated the problem of mixed convection flow over a vertical plate, taking in to consideration the effects of the dependency of nanoparticle volume fraction depends on the shape of the same nanoparticles in the base fluid. The interest on Hiemenz flow in porous media has grown considerably in the last decades, since this geometry [geometry sounds weird] arises in many different systems, from natural to man-manufactured technological ones. The development of transport models in porous media had a bearing in the progress of several applications such as geology, chemical reactors, drying and liquid composite molding, combustion, and biological applications. In this review, the impact of the theory of transport in porous media on medical and biological sciences is discussed for different applications. Therefore, the fluid flow and heat transfer study in those systems is a subject of great interest in many branches of engineering and science. The governing equations of a fluid flow in a porous medium are non-linear and difficult to handle analytically. Consequently, problems concerning flows in porous medium are usually solved by numerical methods (Seddeek et al. 2007; Tsai and Huang 2009; Rosmila et al. 2011) .
In this paper, we apply the so-called symmetry methods for a particular problem of fluid mechanics. The main advantage of such methods is that they can successfully be applied to non-linear differential equations. The symmetries of a differential equation are those continuous groups of transformations under which the differential equation remains invariant, that is, a symmetry group maps any solution to another solution. The interesting point is that, having obtained the symmetries of a specific problem, one can proceed further to find out the group-invariant solutions, which, in the case of the scaling group of transformations, are nothing but the well-known similarity solutions. The similarity solutions are quite popular because they result in the reduction of the independent variables of the problem. The method of Lie group transformations is used to derive all group-invariant similarity solutions of the unsteady two-dimensional laminar boundary-layer equations. On the other hand, it is now well known that the classical Lie symmetry method can be used to find similarity solutions, invariants, integrals motion, etc., systematically, see, for example, (Bluman and Kumei 1989; Ovsiannikov 1982; Ibragimov 1999 and the usefulness of this approach has been widely illustrated by several authors in different contexts such as; Pakdemirli (1997, 1999b) , Soh (2005) , Hayat et al. (2005) , Mohyuddin et al. (2004) and EL-Kabeir et al. (2008) , and Avramenko et al. (2001) analyzed the application of Lie group theory to the boundary layers.
The goal of the present study is to analyze the development of the steady boundary layer flow and heat transfer over a porous wedge sheet in a nanofluid due to solar radiation. Lie symmetry group transformation is utilized to convert the governing partial differential equations into ordinary differential equations and then the numerical solution of the problem is accomplished by Runge-Kutta-Gill method (1951) with shooting technique. This method has the following advantages over other available methods: (i) it utilizes less storage register, (ii) it controls the growth of rounding errors and is usually stable, and (iii) it is computationally economical. Numerical calculations were carried out for different values of dimensionless parameters of the problem under consideration for the purpose of illustrating the results graphically. The nanofluid is a colloidal suspension with nanoparticles dispersed uniformly in a base fluid and has many unique characteristics in thermal engineering fields. Solar energy is currently one kind of important resource for clean and renewable energy, and is widely investigated in many fields. In order to increase the operating temperature and thermodynamic efficiency, concentrated solar radiation is normally used to heat the working fluid in solar thermal power system. The study of heat transfer in the presence nanofluid past a porous plate due to solar energy is of great practical importance to engineers and scientists because of its almost universal occurrence in many branches of science and engineering. Possible applications of this type of flow can be found in many industries. Examination of such flow models reveals the influence of thermophoresis particle deposition and convective radiation on velocity and temperature profiles. For this reason, it is of special interest in this work to consider natural convection due to solar radiation flow from a wedge embedded in a porous medium with variable porosity distribution. The analysis of the results obtained shows that the flow field is influenced appreciably by the presence of convective radiation and thermophoresis particle deposition of the nanoparticles in the presence of nanofluid past a porous wedge sheet.
Mathematical Analysis
Consider the steady laminar two-dimensional flow of an incompressible viscous nanofluid past a porous wedge sheet in the presence of solar energy radiation (see, Fig. 1 ). The temperature at the wedge surface takes the constant value T w , while the ambient value, attained as y tends to infinity, takes the constant value T ∞ . Far away from the wedge plate, both the surroundings and the Newtonian absorbing fluid are maintained at a constant temperature T ∞ . The porous medium is assumed to be transparent and in thermal equilibrium with the fluid. The thermal dispersion effect is minimal when the thermal diffusivity of the porous matrix is of the same order of magnitude as that of the working fluid. This viewpoint of assuming that the effective thermal diffusivity remains constant when the porosity of the porous medium varies with the normal distance is shared by many other investigators such as Vafai et al. (1985) and Tien and Hong (1985) . The non reflecting absorbing in ideally transparent wedge plate receives an incident radiation flux of intensity q rad . This radiation flux penetrates the plate and is absorbed in an adjacent fluid of absorption coefficient (Fathalah and Elsayed 1980) . Owing to heating of the absorbing nanofluid and the wedge plate by solar radiation, heat is transferred from the plate the surroundings. Also, the solar radiation is a collimated beam that is normal to the plate. The fluid is a water-based nanofluid containing Cu nanoparticles. As mentioned before, the working fluid is assumed to have heat absorption properties. For the present application, the porous medium absorbs the incident solar radiation and transits it to the working fluid by convection. The thermophysical properties of the nanofluid are given in Table 1 (see Oztop and Abu-Nada 2008) . Under the above assumptions, the boundary layer equations governing the flow and thermal field can be written in dimensional form as ∂ū ∂x
Using Rosseland approximation for radiation (Sparrow and Cess (1978) ; Raptis (1998) and Brewster (1972) ), we can write
∂ y where σ 1 is the Stefan-Boltzman constant, k * is the mean absorption coefficient. The Rosseland approximation is used to describe the radiative heat transfer in the limit of the optically thick fluid (nanofluid).
The boundary conditions of these equations arē
where c, c 1 and n 1 (power index) are constants and V 0 and T w are the suction (> 0) or injection (< 0) velocity and the fluid temperature at the plate. β 1 = 2m 1+m where β 1 is the Hartree pressure gradient parameter that corresponds to β 1 = π for a total angle of the wedge, The temperature of the fluid is assumed to vary following a power-law function while the free stream temperature is linearly stratified. In Eq. (4) and n is a constant parameter referred as the thermal stratification parameter, such that 0 ≤ n < 1. T o is a constant reference temperature say (T 0 = T ∞ (0)). The suffixes w and ∞ denote surface and ambient conditions. Here, c is a constant,ū andv are the velocity components in thex andȳ directions, T is the local temperature of the nanofluid,ḡ is the acceleration due to gravity, V o is the velocity of suction/injection, K is the permeability of the porous medium, ρ f n is the effective density of the nanofluid, q rad is the applied absorption radiation heat transfer, μ f n is the effective dynamic viscosity of the nanofluid, α f n is the thermal diffusivity of the nanofluid which are defined as (see Aminossadati and Ghasemi 2009) ,
Maxwell model (1891) was developed to determine the effective electrical or thermal conductivity of liquid-solid suspensions. This model is applicable to statistically homogeneous and low volume concentration liquid-solid suspensions, with randomly dispersed and uniformly sized non-contacting spherical particles. It is given as
Experiments report thermal conductivity enhancement of nanofluids be yond the Maxwell limit of 3ζ . In the limit of low particle volume concentration (ζ ) and the particle conductivity (k s ), being much higher than the base liquid conductivity (k f ), Eq. (5) can be reduced to Maxwell 3ζ limit as
Equation (5) represents the lower limit for the thermal conductivity of nanofluids and it can seen that in the limit where ζ = 0 (no particles), Eq. (5a) yields k low = 1 as expected.
Where k f and k s are the thermal conductivity of the base fluid and nanoparticle, respectively,ζ is the nanoparticle volume fraction, μ f is the dynamic viscosity of the base fluid, β f and β s are the thermal expansion coefficients of the base fluid and nanoparticle, respectively, ρ f and ρ s are the density of the base fluid and nanoparticle, respectively, k f n is the effective thermal conductivity of the nanofluid and (ρC p ) f n is the heat capacitance of the nanofluid, which are defined by introducing the following non-dimensional variables
Equations (1)- (4) take the non-dimensional form
with the boundary conditions
where
is the buoyancy or natural convection parameter, N = 4σ 1 θ 3 w k f k * is the conductive radiation parameter and
is the temperature ratio where C T assumes very small values by its definition as T w − T ∞ is very large compared to T ∞ . In the present study, it is assigned the value 0.1. It is worth mentioning that γ > 0 aids the flow and γ < 0 opposes the flow, while γ = 0, i.e., (T w − T ∞ ) represents the case of forced convection flow. On the other hand, if γ is of a significantly greater order of magnitude than one, then the buoyancy forces will be predominant. Hence, combined convective flow exists when γ = O(1).
Following the lines of Kafoussias and Nanousis (1997a,b) , the changes of variables are
By introducing the stream function ψ, which defined as u = 
The symmetry groups of Eqs. (11) and (12) are calculated by classical Lie group approach. The one-parameter infinitesimal Lie group of transformations leaving (11) and (12) invariant is defined as
From the algebraic technique, it is noticed that the form of infinitesimals as
where g(x) is an arbitrary function. Definitions of infinitesimal generators are
The partial differential equations governing the problem under consideration are transformed by a special form of Lie symmetry group transformations, viz., one-parameter infinitesimal Lie group of transformation into a system of ordinary differential equations. For the present case, the generator X 1 with g(x) = 0 is taken. The characteristic equations are
Solving the above equations, we get
With the help of these relations, the (11) and (12) become
The boundary conditions take the following form
where S is the suction parameter if S > 0 and injection if S < 0 and ξ = kx 1−m 2 Kafoussias and Nanousis (1997a,b) , is the dimensionless distance along the wedge (ξ > 0). In this system of equations, it is obvious that the nonsimilarity aspects of the problem are embodied in the terms containing partial derivatives with respect to ξ . This problem does not admit similarity solutions. Thus, with ξ -derivative terms retained in the system of equations, it is necessary to employ a numerical scheme suitable for partial differential equations for the solution. Formulation of the system of equations for the local nonsimilarity model with reference to the present problem will now be discussed.
At the first level of truncation, the terms accompanied by ξ ∂ ∂ξ are small. This is particularly true when (ξ 1). Thus, the terms with ξ ∂ ∂ξ on the right-hand sides of Eqs. (19) and (20) are deleted to get the following system of equations:
For practical purposes, the functions f (η) and θ(η) allow us to determine the skin friction coefficient
and the Nusselt number
respectively. Here,
is the local Reynolds number.
Numerical Solution
The set of nonlinear ordinary differential Eqs. (22) and (23) with boundary conditions (24) have been solved by the Runge-Kutta-Gill method (1951) in conjunction with shooting technique with Pr, ζ, λ, n, n 1 , S, and N as prescribed parameters. The computations were done by a computer program which uses a symbolic and computational computer language MATLAB. A step size of η = 0.001 was selected to be satisfactory for a convergence criterion of 10 −6 in nearly all cases. The value of η ∞ was found to each iteration loop by assignment statement η ∞ = η ∞ + η. The maximum value of η ∞ to each group of parameters Pr, ζ, λ, n, n 1 , S, and N determined when the values of unknown boundary conditions at η = 0 not change to successful loop with error less than 10 −6 . Effects of heat transfer and nanoparticle volume fraction on nanofluid over a porous wedge sheet in the presence of thermal stratification due to solar energy are studied for different values of thermal stratification and convective radiation. In the following section, the results are discussed in detail.
Results and Discussion
Equations (22) and (23) subjected to the boundary conditions (24) have been solved numerically for some values of the governing parameters Pr, ζ, m, λ, γ, n, n 1 and N by Runge-Kutta-Gill algorithm with shooting technique. The case γ 1.0 corresponds to pure free convection, γ = 1.0 corresponds to mixed convection, and γ 1.0 corresponds to pure forced convection. Throughout this calculation, we have considered γ = 2.0 unless otherwise specified. The results for −θ (0) are compared with those obtained by Lai and Kulacki (1990) and Yih (1998) for different values of S in Table 2 . It can be seen that reasonably good agreement has been achieved for each values of S.
In the absence of energy equation, to ascertain the accuracy of our numerical results, the present study is compared with the available exact solution in the literature. The velocity profiles for different values of m are compared with the available exact solution of Schlichting (1979) , is shown in Fig. 2 . It is observed that the agreement with the theoretical solution of velocity profile is excellent.
Figures 3 and 4 illustrate typical temperature profiles as obtained by varying the thermal stratification parameter for the case of pure water (Fig. 3) and Cu-water (Fig. 4) , respectively. It is clearly shown that the temperature of the fluid gradually decreases from higher value to the lower value only when the strength of thermal stratification is higher than the nanoparticles' volume fraction parameter because the size of the nanoparticles plays an important role on the motion of the fluid. For heat transfer characteristics mechanism, interesting result is the large distortion of the temperature field caused for 0.9 ≤ n < 1 (n = 0 refers flow at the wall, bottom layer and n = 1 refers flow at ambient, upper layer). In the case of pure water, negative value of the temperature profile characterizes the outer boundary region for n = 0.9, whereas for Cu water, negative value of the temperature profile occurs in the outer boundary region for 0.5 ≤ n < 0.9. It is noticed from the Figs. 3 and 4 that the temperature of the nanofluid (Cu-water) decreases significantly as compared to the pure water because the kinematic viscosity of the nanofluid is higher than the pure water. It is revealed from Figs. 5 and 6 that the temperature is enhanced by increasing the angle of inclination. The reason of the modeled temperature increase is that as the angle of inclination increases the effect of the buoyancy force due to thermal diffusion decreases by a factor of cos 2 . Consequently, the driving force of the fluid decreases and as a result Table 2 Comparison of results for −θ (0) with previous published works S Lai and Kulacki (1990) Yih ( plate and causes it to become warmer because the density of the nanofluid is higher than the pure water. This is due to the reduction in the thermal buoyancy effect caused by increase in θ . Further, it is observed from the Figs. 5 and 6 that the temperature of a nanofluid is remarkably lower as compared to that of the base fluid. Because the plate is inclined from vertical to horizontal, the buoyancy effect on the momentum and temperature profiles increases. This is because the incident solar radiation is initially absorbed by the absorbing fluid-matrix system which, in turn, heats up the ideally transparent plate. This operation of passing the absorbing fluid through an absorbing porous medium is believed to enhance solar collection by direct absorption in which heat losses are reduced as a result of plate temperatures.
Figures 7 and 8 display the effects of volume fraction of the nanoparticles on the velocity and temperature distribution, respectively. In the presence of uniform convective radiation, it is to note that the velocity of the fluid decreases, whereas the temperature of the fluid increases with increase of the nanoparticle volume fraction parameter, ζ . This agrees with the physical behavior that when the volume fraction of copper increases, the thermal conductivity and then the thermal boundary layer thickness increases. Changes in the size, shape, material, and volume fraction of the nanoparticles allow for tuning to maximize spectral absorption of solar energy throughout the fluid volume because the nanoparticle volume fraction parameter depends on the size of the particles. Enhancement in thermal conductivity can lead to efficiency improvements, although small, via more effective fluid heat transfer. Vast enhancements are found in surface area due to the extremely small particle size, which makes nanofluid-based solar systems attractive for thermochemical and photocatalytic processes. profiles for different values of the convective radiation parameter N in the presence of base fluid (pure water) and nanofluid (Cu-water). According to Eqs. (2) and (3), the divergence of the radiative heat flux ∂q rad ∂ y increases as thermal conductivity of the fluid (k f ) decreases which in turn increases the rate of radiative heat transferred to the nanofluid and hence the fluid temperature decreases. In view of this explanation, the effect of convective radiation becomes more significant as N → 0(N = 0) and can be neglected when N → ∞. It is noticed that the temperature decreases with increase of the radiation parameter N . The effect of radiation parameter N is to reduce the temperature significantly in the flow region. Further, it is noticed that the temperature of a nanofluid is decelerated significantly as compared to the base fluid. All these physical behavior are due to the combined effect of porous strength of the wedge sheet and thermal conductivity of the nanofluid.
Conclusions
Influence of the different type of nanoparticles on Hiemenz boundary layer flow and heat transfer of incompressible Cu-water nanofluid along a porous wedge sheet in the presence of thermal stratification due to solar energy have been analyzed. Thermal boundary layer thickness of nanofluid is stronger than the base fluid as the angle of inclination increases because the driving force to the fluid decreases, and as a result temperature profiles increase. It is also noticed that the temperature of a nanofluid is decelerated significantly as compared to the base fluid with increase of convective radiation. It is interesting to note that the thermal conductivity of the nanofluid also offers the potential of improving the radiative properties of the liquids, leading to an increase in the efficiency of direct absorption solar collectors. Decrease of momentum and increase of thermal boundary layer field due to increase in nanoparticle volume fraction parameter shows that the velocity increases and the temperature decreases gradually as we replace copper, ζ = 0.05 by silver, ζ = 0.1 and alumina, ζ = 0.15 in the said sequence. In the presence of uniform nanoparticle volume fraction parameter, it is observed that the temperature of the Cu-water nanofluid is decreased significantly as compared to that of the base fluid with increase of thermal stratification and convective radiation parameter, respectively. It is interesting to predict that the temperature of the nanofluid (Cu-water) decreases significantly as compared to the base fluid (pure water) with increase of thermal stratification effects. It has been shown that mixing nanoparticles in a liquid has a dramatic effect on the liquid thermophysical properties such as thermal conductivity of the nanofluid. Hiemenz flow over a porous wedge plate plays a very significant role on absorbs the incident solar radiation and transits it to the working fluid by convection. Nanofluids due to solar energy are important because they can be used in numerous applications involving heat transfer and other applications such as in detergency, solar collectors, drying processes, heat exchangers, geothermal and oil recovery, building construction, etc. The interdisciplinary nature of nanofluid research presents a great opportunity for exploration and discovery at the frontiers of nanotechnology. It is hoped that the present work will serve as a stimulus for needed experimental work on this problem.
